We consider a Higgs mechanism in scale-invariant theories of gravitation. It is shown that in spontaneous symmetry breakdown of scale invariance, gauge symmetries are also broken spontaneously even without the Higgs potential if the corresponding charged scalar fields couple to a scalar curvature in a non-minimal way. In this gravity-inspired new Higgs mechanism, the non-minimal coupling term, which is scale-invariant, plays a critical role. Various generalizations of this mechanism are possible and particularly the generalizations to non-abelian gauge groups and a scalar field with multi-components are presented in some detail. Moreover, we apply our finding to a scale-invariant extension of the standard model (SM) and calculate radiative corrections. In particular, we elucidate the coupling between the dilaton and the Higgs particle and show that the dilaton mass takes a value around the GeV scale owing to quantum effects even if the dilaton is massless at the classical level.
Introduction
Current understanding of elementary particle physics is based on two celebrated fundamental principles, which are gauge symmetry and spontaneous symmetry breakdown of the gauge symmetry. In four interactions among elementary particles, strong, weak and electro-magnetic interactions are known to be described on the same footing in terms of a gauge theory which is the standard model (SM) on the basis of SU(3)×SU(2)×U(1) gauge group, and gravitational interaction is believed to be also described by a gauge theory whose final formalism is still far from complete at present.
The gauge principle alone, however, cannot describe the known structure of elementary particles. The gauge principle requires elementary particles to be massless 2 , so in order to generate masses for elementary particles the SU(2)×U(1) gauge symmetry must be spontaneously broken at any rate. The idea of spontaneous symmetry breakdown itself is not new for elementary particle physics but has emerged as a universal phenomenon in physics, in particular, condensed matter physics. An alternative and indeed older description of super-conductivity, which was developed by Ginzburg and Landau, turned out to be a phenomenological representation of the BCS theory [2] . In this transcription, the complex "Ginzburg-Landau" scalar field is nothing but the Higgs boson representing a bound pair of electrons and holes, and its phase and amplitude components correspond to the massless Nambu-Goldstone boson and the massive Higgs type of excitations, respectively. As it happens, the collective excitations of both the types do exist in all phenomena of the super-fluidity type. This universality of the spontaneous symmetry breakdown, however, seems to have no implication in gravity so far. The concept of the mass is intimately connected with general relativity since the righthand side of Einstein's equations is constructed out of the energy-momentum tensor. In this article, we will investigate an idea such that a scale-invariant gravity induces the spontaneous symmetry breakdown of gauge symmetry without assuming the existence of the Higgs potential.
The SM based on SU(3) × SU(2) × U(1) gauge group, together with classical general relativity, describes with amazing parsimony (only 19 parameters) our world over scales that have been explored by experiments: from the Hubble radius of 10 30 cm all the way down to scales of the order of 10 −16 cm. In other words, with the help of cosmological initial conditions when the universe was much smaller, the SM is believed to encode the information needed to deduce all the physical phenomena observed so far. There are, however, some obvious chinks in the armor of the SM. In particular, the origin of different scales in nature cannot be answered at all by the SM. One should recall that there is only one fundamental constant with the dimension of mass: Gravity comes with its own mass scale M p = 2.4 × 10 18 GeV . All units of mass should be scaled to this fundamental scale. It is a source of great intellectual 2 To tell this statement more precisely, gauge invariance with the conventional form forbids the presence of a mass term of gauge field, but such a mass term can exist if we change the gauge transformation to a more complicated form. This situation happens when we consider a theory with spontaneous symmetry beakdown where a translation of the field by a constant must be accompanied [1] .
worry that the SM appears to be consistent at a scale which is so different from the Planck mass scale. Naive expectations are that all physical phenomena should occur at their natural scale which is of course the Planck scale.
Coleman-Mandula theorem [3] allows the Poincare group to be generalized to two global groups, one is the super-Poincare group and the other is the conformal group. It is remarkable to notice that these two groups might yield resolution of the gauge hierarchy problem by a completely different idea, and they also yield a natural generalization of local gauge group, the former gives rise to the local super-Poincare group leading to supergravity whereas the latter does the local conformal group leading to conformal gravity.
According to recent results by the LHC [4, 5] , supersymmetry on the basis of the superPoincare group seems not to be taken by nature as resolution of the gauge hierarchy problem. Then, it is natural to ask ourselves if the conformal group, the other extension of the Poincare group, gives us resolution of the gauge hierarchy problem. Indeed, inspired by an interesting idea by Bardeen [6] , there has appeared to pursue the possibility of replacing the supersymmetry with the conformal symmetry near the TeV scale in an attempt to solve the hierarchy problem [7, 8] . It is worth noting that the principle of conformal invariance is more rigid than the supersymmetry in the sense that in many examples the conformal symmetry predicts the number of generations as well as a rich structure for the Yukawa couplings among various families. This inter-family rigidity is a welcome feature of the conformal approach to particle phenomenology [9] .
In the conformal approach, it is thought that the electro-weak scale and the QCD scale as well as the masses of observed quarks and leptons are all so small compared to the Planck scale that it is reasonable to believe that in some approximation they are exactly massless. If so, then the quantum field theory which would be describing the massless fields should be a conformal theory as it has no mass scale. In this scenario, the fact that there are no large mass corrections follows from the condition of conformal invariance. In other words, the 'tHooft naturalness condition [10] is satisfied in the conformal approach, namely in the absence of masses there is an enhanced symmetry which is the conformal symmetry. Of course, the breaking of conformal invariance should be soft in such a way that the idea of the conformal symmetry is relevant for solving the hierarchy problem.
In passing, in the present context, it seems to be of interest to consider the issue of renormalizability. Usually, in quantum field theories, the condition of renormalizability is imposed on a theory as if it were a basic principle to make the perturbation method to be meaningful, but its real meaning is unclear since there might exist a theory for which only the non-perturbative approach could be applied without relying on the perturbation method at all. To put differently, the concept of renormalizability means that even if one is unfamiliar with true physics beyond some higher energy scale, one can construct an effective theory by confining its ignorance to some parameters such as coupling constants and masses below the energy scale. Thus, from this point of view, it is unclear to require the renormalizability to theories holding at the highest energy scale, the Planck scale, such as quantum gravity and superstring theory. On the other hand, given a scale invariance in a theory, all the coupling constants must be dimensionless and operators in an action are marginal ones whose coefficient is independent of a certain scale, which ensures that the theory is manifestly renormalizable. In this world, all masses of particles must be then generated by spontaneous symmetry breakdown.
In previous works [11, 12] , we have shown that without resort to the Coleman-Weinberg mechanism [13] , by coupling the non-minimal term of gravity, the U(1) B-L gauge symmetry in the model [8] is spontaneously broken in the process of spontaneous symmetry breakdown of global or local scale symmetry at the tree level and as a result the U(1) B-L gauge field becomes massive via the Higgs mechanism. One of advantages in this mechanism is that we do not have to introduce the Higgs potential in a theory.
Then, we have the following questions of this mechanism of symmetry breaking of gauge symmetry:
1. Is it possible to generalize to the non-abelian gauge groups?
2. Is it possible to generalize many scalar fields?
3. What becomes of applying it to the standard model and what its radiative corrections are?
In this article, we would like to answer these questions in order. The structure of this article is the following: In Section 2, we present the simplest model which accomodates global scale symmetry and the abelian gauge symmetry, and explain our main idea. In Section 3, we generalize this simple model to a model with the non-abelian gauge symmetry. In Section 4, we extend our idea to a model of a scalar field with many of components. Moreover, we apply our finding to a scale-invariant extension of the standard model and calculate radiative corrections in Section 5. We conclude in Section 6. Two appendices are given, one of which is to explain a derivation of the dilatation current and the other is to put useful formulae for the calcualtion of radiative corrections.
Review of a globally scale-invariant Abelian model
We start with a brief review of the simplest model showing a gravitational Higgs phenomenon which was previously discovered in case of a global scale invariance and the abelian gauge group [11] .
With a background curved metric g µν , a complex (singlet) scalar field Φ and the U(1)
gauge field A µ , the Lagrangian takes the form 3 :
where ξ is a certain positive and dimensionless constant. The covariant derivative and field strength are respectively defined as
with e being a U(1) real coupling constant. Let us note that the Lagrangian (1) is invariant under a global scale transformation. In fact, with a constant parameter Ω = e Λ ≈ 1 + Λ (|Λ| ≪ 1) the scale transformation is defined as [15] 
Then, using the formulae
, it is straightforward to show that L is invariant under the scale transformation (3) . Following the Noether procedure ΛJ µ =
∂L ∂∂µφ
δφ where φ = {g µν , Φ, Φ † }, as shown in the Appendix A, the current for the scale transformation, what we call the dilatation current, takes the form
To prove that this current is conserved on-shell, it is necessary to derive a set of equations of motion from the Lagrangian (1). The variation of (1) with respect to the metric tensor produces Einstein's equations
where d'Alembert operator ✷ is as usual defined as ✷(
Here the energy-momentum 3 We follow notation and conventions by Misner et al.'s textbook [14] , for instance, the flat Minkowski metric √ −gR. 4 In this article, we use the terminology such that scale or conformal transformation means global transformation whereas its local version is called local scale transformation or local conformal transformation. 5 The case ξ = − 1 6 corresponds to conformal gravity, for which there is no dilatation current.
tensors T (A)
µν for the gauge field and T
(Φ)
µν for the scalar field are defined as, respectively
where we have used the notation of symmetrization
Finally, taking the variation with respect to the gauge fields A (i)
µ produces "Maxwell" equations
Now we wish to prove that the current (4) for the scale transformation is indeed conserved on-shell by using these equations of motion. Before doing so, let us first take the divergence of the current, whose result is given by
In order to show that the expression in the right-hand side of Eq. (9) vanishes on-shell, let us take the trace of Einstein's equations (5)
Next, multiplying Eq. (7) by Φ † , and then eliminating the term involving the scalar curvature, i.e., ξΦ † ΦR, with the help of Eq. (10), we obtain
At this stage, it is useful to introduce a generalized covariant derivative defined as D µ = D µ + Γ µ where Γ µ is the usual affine connection. Using this derivative, Eq. (11) can be rewritten as
Then, adding its Hermitian conjugation to Eq. (12), we arrive at
The quantity Φ † Φ is a scalar and neutral under the U(1) charge, we obtain
Using this equation, the right-hand side in Eq. (9) is certainly vanishing, by which we can prove that the current of the scale transformation is conserved on-shell as promised. Now we are willing to explain our finding about spontaneous symmetry breakdown of gauge symmetry in our model where the coexistence of both scale invariance and gauge symmetry plays a pivotal role. Incidentally, it might be worthwhile to comment that in ordinary examples of spontaneous symmetry breakdown in the framework of quantum field theories, one is accustomed to dealing with a potential which has the shape of the Mexican hat type and therefore induces the symmetry breaking in a natural way, but the same recipe cannot be applied to general relativity because of the lack of such a potential. 6 Let us note that a very interesting recipe which induces spontaneous symmetry breakdown of scale invariance via local scale transformation has been already known [15] . This recipe can be explained as follows: Suppose that we started with a scale-invariant theory with only dimensionless coupling constants. But in the process of local scale transformation, one cannot refrain from introducing the quantity with mass dimension, which is the Planck mass M p in the present context, to match the dimensions of an equation and consequently scale invariance is spontaneously broken.
Of course, the absence of a potential which induces symmetry breaking makes it impossible to investigate a stability of the selected solution, but the very existence of the solution including the Planck mass with mass dimension justifies the claim that this phenomenon is nothing but a sort of spontaneous symmetry breakdown. This fact can be also understood by using a dilatation charge as seen shortly.
The first technique for obtaining spontaneous symmetry breakdown of both scale and gauge invariances is to find a suitable local scale transformation which transforms dilaton gravity in the Jordan frame to general relativity with matters in the Einstein frame. Of course, note that our starting Lagrangian is invariant under not the local scale transformation but the global transformation, so the change of form of the Lagrangian after the local scale transformation is reasonable. Here it is useful to parametrize the complex scalar field Φ in terms of two real fields, Ω (or σ) and θ in polar form, defined as
where Ω(x) = e ζσ(x) is a local parameter field and the constants ζ, α will be determined later. Let us then consider the following local scale transformation:
Note that apart from the local property of Ω(x), this local scale transformation is different from the scale transformation (3) in that the complex scalar field Φ is not transformed at all. Under the local scale transformation (16) , the scalar curvature is transformed as
where we have defined as f = log Ω = ζσ and✷f =
the non-minimal term in (1) reads the Einstein-Hilbert term (plus part of the kinetic term of the scalar field σ) up to a surface term as follows:
Then, the second term in (1) is cast to the form
where we have chosen α = e for convenience, and defined a new massive gauge field B µ as
In terms of this new gauge field B µ , the Maxwell's Lagrangian in (1) is described in the Einstein frame as
It is worthwhile to stress again that in the process of local scale transformation we have had to introduce the mass scale into a theory having no dimensional constants, thereby inducing the breaking of the scale invariance. More concretely, to match the dimensions in the both sides of the equation, the Planck mass M p must be introduced in the ciritical choice (18) (recovering the Planck mass)
It is also remarkable to notice that in the process of spontaneous symmetry breakdown of the scale invariance, the Nambu-Goldstone boson θ is absorbed into the U(1) gauge field A µ as a longitudinal mode and as a result B µ acquires a mass, which is nothing but the Higgs mechanism! In other words, the U(1) gauge symmetry is broken at the same time and on the same energy scale that the scale symmetry is spontaneously broken. (by which the kinetic term for the σ field becomes a canonical form), the Lagrangian (1) is reduced to the form
where we have recovered the Planck mass M p for clarity. Let us note that the first term coincides with the Einstein-Hilbert term in general relativity, the second term implies that the dilaton σ is massless at the classical level, and the last two terms means that the gauge field becomes massive via the new Higgs mechanism.
As an interesting application of our finding to phenomenology, we can propose two scenarios at the different energy scales. One scenario, which was adopted in case of the classically scale-invariant B-L model [8, 11, 12] , is the spontaneous symmetry breakdown at the TeV scale where
, so the gravity is in the strong coupling phase. The other scenario is to trigger the spontaneous symmetry breakdown of both scale and gauge symmetry at the Planck scale, for which we take e √ ξ ≈ 1 and the gravity is in the weak coupling phase.
Finally, let us comment on the physical meaning of the dilaton σ. The dilaton is a massless particle and interact with the other fields only through the covariant derivativẽ
, but owing to its nature of the derivative coupling, at the low energy this coupling is so small that it is difficult to detect the dilaton experimentally.
To understand the physical meaning of the dilaton more clearly, it is useful to evaluate the dilatation current J µ in (4) in the Einstein frame. The result reads
This is exactly the expected form of the current seen in the case of the conventional spontaneous symmetry breakdown, with 1 ζ playing the role of the vacuum value of the order parameter, and the dilaton σ doing of the Nambu-Goldstone boson associated with the spontaneous symmetry breakdown of the scale invariance. This result can be also reached by constructing the corresponding charge which is defined as
Note that this charge does not annihilate the vacuum because of the linear form in σ
Of course, it is also possible to show ∂ µ J µ = 0 in terms of equations of motion in the Einstein frame as proved in the Jordan frame before. It therefore turns out that the dilaton σ is indeed the Nambu-Goldstone boson associated with spontaneous symmetry breakdown of the scale invariance. We will see later that although the dilaton is massless at the classical level, the trace anomaly makes the dilaton be massive at the quantum level.
The generalization to non-Abelian groups
In this section, we wish to extend the present formalism to arbitrary non-Abelian gauge groups. For clarity, we shall consider only the SU(2) gauge group with a complex SU(2)-doublet of scalar field Φ T = (Φ 1 , Φ 2 ) since the generalization to a general non-Abelian gauge group is straightforward.
Let us start with the SU(2) generalization of the Lagrangian (1)
where a is an SU(2) index running over 1, 2, 3, and the covariant derivative and field strength are respectively defined as
Here g is an SU(2) coupling constant (Do not confuse with the determinant of the metric tensor since we use the same letter of the alphabet). Furthermore, the matrices τ a are defined as half of the Pauli ones, i.e., τ a = 1 2 σ a , so the following relations are satisfied:
In order to see the Higgs mechanism discussed in the previous section explicitly, it is convenient to go to the unitary gauge. To do that, we first parametrize the scalar doublet as
where a unitary matrix U(x) is defined as U(x) = e −iατ a θ a (x) with α being a real number. Then, we will define new fields in the unitary gauge by
Using these new fields, after an easy calculation, we find the following relations
where D µ Φ u and F a µν (B) are respectively defined as
To reach the desired Lagrangian, we can follow a perfectly similar path of argument to the case of the Abelian gauge group in the previous section. In other words, we will take a critical choice
and make use of the local scale transformation by the local parameter Ω(x) to move from the Jordan frame to the Einstein frame. After performing this procedure, the final Lagrangian reads
. The mass of the massive gauge field B a µν is easily read off to be
As in the Abelian group, we can see that the massless dilaton σ is the Nambu-Goldstone boson of spontaneous symmetry breakdown of scale symmetry by making the conserved dilatation current and its charge.
The generalization to scalar field with many components
Let us recall that the quantum field theory of a scalar field with many components goes in much the same way as that of a single component except that new interesting internal symmetry arises. This general fact is also valid even in the present formalism if we take a common "radial" field in all the components. When we consider a general "radial" field, we must face an annoying issue of getting the canonical kinetic term for the dilaton. The procedure of obtaining the canonical kinetic term is just a problem of matrix diagonalization and is not in principle a problem, but the general treatment makes our formalism very complicated. We will therefore focus on the case of the common "radial" field in this section. In the next section, we will meet the same situation since we consider two scalar fields coupling to a curvature scalar in the non-minimal manner, but a reasonable approximation can serve to avoid this annoying issue.
The starting Lagrangian is just a generalization of (1) to n complex scalar fields, or equivalently a complex scalar field with n independent components
where ξ i are positive and dimensionless constants. The covariant derivative and field strength are respectively defined as
Since the Lagrangian (36) includes only dimensionless coupling constants, it is manifestly invariant under a global scale transformation. Following the Noether theorem, the current for the scale transformation reads
In a similar way to the cases of both Abelian and non-Abelian gauge groups, we can show that this current is conserved on-shell. As mentioned in the above, the point is to take a common "radial" (real) field Ω(x) such that
This is a great simplification in the sense that n real component fields in Φ i (x) is reduced to a single one, but this restriction is needed to obtain the canonical kinetic term for the dilaton in a rather simple way. Now we would like to show that the Lagrangian (36) has the property of spontaneous symmetry breakdown of gauge symmetry when scale symmetry is spontaneously broken. To do that, we proceed similar steps to the case of the single scalar field with the Abelian gauge group in Section 2. With the critical choice
the non-minimal term in (36) yields the Einstein-Hilbert term and part of the kinetic term of the scalar field σ) up to a surface term
Moreover, the second term in (36) is reduced to
where we have selected α i = e i and defined new massive gauge fields B 
In terms of the new gauge fields B (i) µ , the Maxwell's Lagrangian in (36) is cast to the form
To summarize, the Lagrangian (36) is given by
where the definition ζ −2 = 6 +
It is then obvious that this system also exhibits the new Higgs mechanism triggered by spontaneous symmetry breakdown of scale symmetry.
Radiative corrections and dilaton mass
In this section, as an example, we wish to apply our idea discussed so far to the standard model and evaluate the quantum effects. Since the standard model is known to not be classically scale-invariant because of the presence of the (negative) mass term of the Higgs field, we must replace the mass term with a new scalar field. It is then natural to identify this new scalar with the Φ field which couples to a scalar curvature in a non-minimal manner.
Let us first recall that in our previous work [11] we have already considered one-loop effects of a classically scale invariant B-L model [8] . However, our finding of gravitational spontaneous symmetry breakdown of gauge symmetry as a result of spontaneous symmetry breakdown of scale symmetry is very universal in the sense that our ideas can be generalized not only to local scale symmetry as clarified in [12] but also to non-Abelian gauge groups and even a scalar field with many of components as discussed in this article. In fact, it is obvious that our ideas can be applied to any model which is scale-invariant and involves the non-minimal coupling terms between the curvature scalar and charged scalars associated with local gauge symmetries.
In our calculation, we are not ambitious enough to quantize the metric tensor field and take a fixed Minkowski background g µν = η µν . Moreover, we restrict ourselves to the calculation of radiative corrections between dilaton and matter fields in the weak-field approximation.
One of the motivations behind this study is to calculate the size of the mass of dilaton. As shown above, the dilaton is exactly massless at the classical level owing to scale symmetry, but it is well-known that radiative corrections violate the scale invariance thereby leading to the trace anomaly. Consequently, the dilaton becomes massive in the quantum regime. Since the dilaton is a scalar field like the Higgs particle, one might expect that there could be quadratic divergence for the self-energy diagram. On the other hand, since the dilaton is the Nambu-Goldstone boson resulting from the scale symmetry, the dilaton mass would be much lower in the such a way that the pion masses are very smaller as the pions can be understood as the Nambu-Goldstone boson coming from SU(2) L × SU(2) R → SU(2) V flavor symmetry breaking. As long as we know, nobody has calculated the dilaton mass in a reliable manner, so we wish to calculate the dilaton mass within the framework of the present formalism and determine which scenario, quadratic divergence and huge radiative corrections like the Higgs particle or very lower mass like the pions, is realized. Remarkably enough, it will be shown that although the dilaton mass is quadratic divergent, the cutoff scale, which is the Planck mass in the formalism at hand, is exactly cancelled by the induced coupling constant, by which the dilaton mass is kept to be around the GeV scale.
Whenever we evaluate anomalies, the key point is to adopt a suitable regularization method respecting classical symmetries existing in the action as much as possible. In this article, as a regularization method, we make use of the method of continuous space-time dimensions, for which we rewrite previous results in arbitrary D dimensions [17] . Like the dimensional regularization, the divergences will appear as poles
, which are cancelled by the factor D − 4 that multiplies the dilaton coupling, thereby producing a finite result leading to an effective interaction term.
Basic formalism
Our starting Lagrangian, which is a scale-invariant extension of the standard model coupled to the non-minimal terms, is of form
where L m denotes the remaining Lagrangian part of the standard-model sector such as the Yukawa couplings and various definitions are given by the following expressions:
with e i (i = 1, 2) being U(1) coupling constants and g being an SU(2) coupling constant. As in the Appendix A, in this model, we can also calculate the Noether current for scale transformation
It turns out that this dilatation current is conserved on-shell as well.
For simplicity of presentation, we take the vanishing SU(2) gauge field, A a µ = 0 since this assumption does not change the essential conclusion for our purpose.
In general D space-time dimensions, as a generalization of Eq. (16), the local scale transformation is defined aŝ
Under this local scale transformation (49), with the definition f = log Ω, the scalar curvature is transformed as
for which we set D = 4 in what follows since we do not quantize the metric tensor and therefore do not have poles from the curvature. In a physically more realistic situation, the scale symmetry must be broken spontaneously in the higher energy region before spontaneous symmetry breaking of the electro-weak symmetry since all quantum field theories must in principle contain the gravity from the beginning although contributions from the gravity can be usually ignored when dealing with particle physics processes.
Therefore, let us first break the scale invariance by taking the following value for the charged scalar field Φ:
where we have defined Ω(x) = e . Then, the first term in (46) takes the form
Similarly, the third term in (46) is changed to the form
where we have defined a new coupling constant and massive gauge field aŝ
and chosen α =ê 1 for convenience. Adding (52) and (53) together yields the expression
On the other hand, the Lagrangian of matter fields turns out to depend on the dilaton field σ in a non-trivial manner in general D space-time dimensions. First, the non-minimal term for H field becomes
Second, the kinetic term for H is cast to
where the new covariant derivative is defined aŝ
with beingê 2 = Ω D−4 2 e 2 . Third, the electro-magnetic terms are reduced to the form
where the new field strengths are defined as
Finally, the potential term can be rewritten as
To summarize, the starting Lagrangian is now of the form
Next, we are ready to deal with spontaneous symmetry breakdown of the electro-weak symmetry, which is assumed to occur at the lower energy, GeV scale, than breaking of scale symmetry. To realize the spontaneous symmetry breakdown of the electro-weak symmetry, we assume the conventional ansatz
With the parametrizationĤ T = (0,
)e iϕ , after the spontaneous symmetry breakdown of the electro-weak symmetry, the potential term can be described as
7 The presence of the Nambu-Goldstone mode θ inF (1) µν merely shows that scale invariance of the theory under consideration is violated in any space-time dimension except four dimensions.
where a constant in the square bracket is discarded, and the vacuum expectation value v and the Higgs mass m h are respectively defined as
where the Planck mass M p is explicitly written. Now we wish to consider couplings between the dilaton field σ and matter fields which vanish at the classical level (D = 4) but provide a finite contribution at the quantum level, interpreted as the trace anomaly. In the weak field approximation, let us extract terms linear in the dilaton σ in V (Ĥ) as
Then, the potential V (Ĥ) is devided into two parts
where we have defined as
Using the parametrizationĤ
)e iϕ , the remaining part including the field H except the Higgs potential is also rewritten, and consequently the whole Lagrangian (62) takes a little longer expression
where we have recovered the Planck mass scale M p . As mentioned in Section 4, given two non-minimal terms, we need to diagonalize the kinetic terms for the dilaton σ and the Higgs field h to get the canonical form. However, in the present context, the energy scale v of the electro-weak symmetry breaking is much lower compared to that of the scale symmetry one, so it is reasonable to take the approximation
With this approximation, the Lagrangian is rather simplified to
µνB (1) µB
Based on this Lagrangian, we wish to calculate quantum effects, in particular, on the dilaton coupling below. Since we are interested in the low energy region, the derivative coupling of the dilaton appearing inF
µν andD µĤ will be ignored in the calculation.
The coupling between dilaton and Higgs field
In this subsection, we first switch off the U(1) fields and calculate the coupling between the dilaton σ and the Higgs particle h and derive an effective Lagrangian at the one-loop level. The contribution from the U(1) fields will be discussed in the later subsection. We will see that the σh n (2 ≤ n ≤ 4) (n + 1)-point diagrams are non-vanishing whereas the σh n (n ≥ 5) diagrams are vanishing.
First, let us consider three-point (with two Higgs h and one dilaton σ as the external particles), one-loop diagrams. Inspection of the vertices reveals that we have three types of one-loop divergent diagrams in which the Higgs field is circulating in the loop and one dilaton field, whose momentum is assumed to be vanishing, couples. Note that the divergences stemming from the Higgs one-loop diagrams provide us with poles
, which cancel the factor D − 4 multiplying the dilaton coupling in V (1) (Ĥ), thereby yielding a finite contribution. One type of one-loop divergent diagram, which we call the diagram (A1), is a tadpole type and is given by the Higgs loop to which the dilaton couples by the vertex −(D − 4)3!ζλ H in V (1) (Ĥ). The corresponding amplitude T A1 is of form
where we have used the familiar formula in the dimensional regularization which corresponds to a specific case of the general formula in Appendix B 
where we have used the equation
The final type of one-loop diagram, which we call the diagram (A3), is a little more involved and given by the Higgs loop to which the dilaton couples by the vertex
(1) (Ĥ) and with the Higgs self-coupling vertex
where q is the external momentum of the Higgs field. In order to reach the final result in Eq.
(76), we have evaluated the integral as follows:
Here at the second equality, we have used the Feynman parameter formula (145) and at the fourth equality, we have shifted the momentum k + xq → k, which is allowed since the integral is now finite owing to the regularization, and at the fifth equality we have used the on-mass-shell condition q 2 = −m 2 h and Eq. (75). Thus, adding three types of contributions, we have
and with the Higgs self-coupling −3!λ H in V (0) (Ĥ). The amplitude T B2 takes the form
Putting the two types of contributions together, we obtain
This result gives rise to an effective Lagrangian
where we have recovered the Planck mass again. Now we turn our attention to five-point (with four Higgs and one dilaton as the external particles), one-loop diagrams. In this case, we find that there is only one type of one-loop divergent diagram where the Higgs field is circulating in the loop. This type of one-loop divergent diagram, which we call the diagram (C), is given by the Higgs loop to which the dilaton couples by the vertex −(D − 4)3!ζλ H in V (1) (Ĥ) and with the Higgs self-coupling
where p and q are external momenta of the two Higgs fields. This quantum effect gives us an effective Lagrangian
Finally, it is straightforward to evaluate (n + 1)-point (with n ≥ 5 Higgs and one dilaton as external particles), one-loop diagrams in a similar manner. It turns out that these higherpoint, one-loop diagrams do not yield any divergence, thereby leading to the vanishing effective Lagrangian. Moreover, we find that there are no divergences for the σ n h m (n ≥ 2)-type of amplitudes at the one-loop level.
After all, we have a total effective Lagrangian at the one-loop level
Note that this effective Lagrangian has the similar form to the potential as V (1) (Ĥ) but each coefficient is suppressed by the Planck mass, which means that effects of radiative corrections are very tiny in the low energy region.
Yukawa coupling
In the standard model, the fermion masses arise from the Yukawa coupling between the fermions and the Higgs field. It is therefore of interest to evaluate radiative corrections of the Yukawa coupling in the present model.
It is easy to see that there are no radiative corrections to the coupling between the dilaton and the fermions at the one-loop level, but it turns out that the one-loop induced vertex produces radiative corrections to this coupling, so we are willing to calcuclate this quantum effect in this subsection.
Before delving into the calculation, let us go back to the basics of the Yukawa coupling. The Yukawa coupling between the fermions and the Higgs field is generically given by the following Lagrangian
where g Y is the Yukawa coupling constant, ψ L and ψ R are respectively a left-handed, SU (2)doublet spinor and a right-handed singlet spinor.
To move the Jordan frame to the Einstein frame, we use the local scale transformation (49) and its fermionic onê
Under this local scale transformation, the Lagrangian (87) takes the same form
With the following definitions of spinors and the unitary gauge for the Higgs fieldĤ,
the Lagrangian is reduced to
where we have defined
v. We are now in a position to calculate the one-loop amplitude where two fermions and one dilaton appear as the external particles. In this case, there is no divergent diagram but we have a finite diagram where the fermion and the Higgs field propagate in the loop, which we call the diagram (D). In this diagram, the dilaton couples to the Higgs by the vertex − in (91). Thus, this diagram is essentially a two-loop effect. The correponding amplitude is given by
where q is the external momentum of the fermion field, which satisfies the on-mass-shell condition q 2 = −M 2 ψ and the function f (x) is defined as
To obtain the result in Eq. (92), we have calculated the integral as follows:
Here at the second equality, we have used the Feynman parameter formula (146). At the fourth equality, we have shifted the momentum k − xq → k, and used that d D k k µ F (k 2 ) = 0 for a general function F in addition to q µ ≈ 0 at the low energy. Furthermore, at the final equality, we have made use of the integral formula
which is a specific case of a general formula (141). From the above result, an effective Lagrangian for the interaction between the dilaton and fermions can be derived to
where the effective coupling g σ is defined by the absolute value of T D , i.e., g σ = |T D |.
Dilaton mass
As seen in the Lagrangian (71), the dilaton is exactly massless at the classical level since it is the Nambu-Goldstone boson stemming from spontaneous symmetry breakdown of scale symmetry. However, it is well-known that the scale symmetry is violated by the trace anomaly at the quantum-mechanical level, and as a result, the dilaton becomes massive. It is very interesting to evaluate the size of the dilaton mass within the present formalism. It is in general expected that if any, the Nambu-Goldstone boson would not be so heavy as in the pions. Of course, the size of the dilaton mass would be closely related to an energy scale where the scale symmetry is broken spontaneously. On the other hand, because the dilaton is a representative example of scalar particle as well as the Higg particle, it is of interest to investigate if the dilaton would receive the quadratic divergence like the Higgs particle or not.
It turns out that at the one-loop effect, there is no quantum correction for the self-energy of the dilaton and it is at the two-loop effect that radiative corrections appear for it in the formalism at hand. Actually, we have a one-loop divergent diagram for the self-energy of the dilaton, which we call the diagram (E), where two external dilatons couple to the Higgs loop by the vertex −(D − 4)ζm 
This amplitude directly gives rise to an effective action for the mass term of the dilaton
where we have defined the induced dilaton mass m σ as
As expected, it has turned out that the dilaton, which is massless classically, becomes massive because of radiative corrections. From the result (99), one might be tempted to conclude that the dilaton mass induced by radiative corrections is very small since the size of the mass is suppressed by the Planck mass and ζ ≈ λ H ≈ O(1). But the story has not ended yet because we have to take the quadratic divergence, which is the root of the hiearchy problem in case of the Higgs particle, into consideration. Since there is no interaction vertex σ 2 h 2 in the present formalism, the most severe quadratic divergence appears when the fermion is circulating in the loop via the vertex in the Lagrangian (96). The amplitude T F , which is essentially a five-loop effect, is certainly quadratically divergent by power counting
where Λ is the ultra-violet cutoff. Then, with the reasonable choice Λ = M p , the mass of the dilaton is approximately given by
which is around the GeV scale since |f ( in g σ is cancelled by the cutoff M p . It is remarkable that the quadratic divergence, which leads to the burdensome hierarchy problem in case of the Higgs particle, gives the GeV scale mass to the dilaton! At first sight, it appears that the GeV scale mass of the dilaton is against the results of the LHC owing to null results in searches for new scalar particles except the Higgs particle below a few TeV scale. However, as seen in the relation g σ = |T D | and Eq. (92), the coupling between the dilaton and the Higgs particle is so tiny that it is extremely difficult to detect the dilaton in the LHC.
Contributions from gauge fields
In the previous subsections, we have switched off the U(1) gauge fields. In this final subsection, we switch on the U(1) gauge fields, and wish to calculate the coupling between the dilaton and the Higgs particle by using propagators and vertices from the sector of the gauge fields in the Lagrangian (71). The result is very simple and illuminating in the sense that we can obtain the similar form of the effective Lagrangian to (86) at the one-loop level, but the coefficient of each term is multiplied by the square of the "fine structure constant".
For convenience, let us pick up part of the Lagrangian (71) which contains the gauge fields
With the following definitions of the mass of the gauge fieldŝ
the Lagrangian (102) can be rewritten as ζσ e i (i = 1, 2), we havê (2) µ ,B (1) µ for which we take the Feynman gauge. Now, on the basis of these vertices and propagators, we would like to consider (n+1)-point (with n Higgs particles and one dilaton as external particles), one-loop diagrams. For n = 2, we have two types of one-loop divergent diagrams in which the gauge field A (2) µ is circulating in the loop. One type of the diagram, which we call the diagram (G1), is a tadpole type in which the dilaton couples to the loop composed of the gauge field A 
where we have introduced the "fine structure constant"
. The other type of one-loop diveregent diagram which we call the diagram (G2), is the selfenergy type of the dilaton where the dilaton couples to the loop by the vertex − 
where q is the external momentum of the Higgs particle. Hence, adding the two results, we have
from which, we obtain an effective Lagrangian
Next, let us move to the evaluation of 4-point (with 3 Higgs particles and one dilaton as external particles), one-loop diagrams. In this case, there are two kinds of divergent diagrams. The one diagram, which we call the diagram (H1), has the h − A 2 vertex with the coefficient
Conclusion
In this article, we have investigated a Higgs mechanism in scale-invariant theories of gravitation in detail. After reviewing this new Higgs mechanism found in our previous articles [11, 12] in terms of the simplest model, we have extended the Higgs mechanism to non-Abelian gauge groups and a scalar field with many components. Since we have already considered the Higgs mechanism in a locally scale-invariant theory of gravitation, i.e., conformal gravity, the validity of this mechanism in the scale-invariant gravitational theories is very universal and therefore would have some phenomenological applications in future. Moreover, we have spelled out quantum effects of a scale-invariant extension of the standard model in a flat Minkowski background, and examined the coupling between the dilaton and the Higgs particle. An intriguing observation done in our analysis is that although the mass of the dilaton is exactly zero at the classical level owing to the Nambu-Goldstone theorem, it becomes non-zero and takes a finite size around the GeV scale because of radiative corrections. It is worthwhile to mention that we have succeeded in deriving the size of the dilaton mass deductively by starting with a fundamental theory and without any specific assumption. As long as we know, the dilaton mass has not thus far been obtained in such a priori manner, so we think our derivation of the dilaton mass to be very interesting. As mentioned in the article, the GeV scale mass of the dilaton is consistent with the recent null results of new scalar particles except the Higgs particle in the LHC since the coupling constant of the dilaton is too small to detect the dilaton in the LHC. However, the dilaton with the GeV scale mass would have some implication in cosmology, e.g., the dilaton could become one of candidates of dark matter if it is somehow stable because of some unknown mechanism.
Our consideration in this article is confined to the quantum analysis in a fixed Minkowski background. In other words, quantum effects coming from the gravity are completely ignored because of non-renormalizability of quantum gravity. Since quantum gravity effects are of course not so dominant as quantum effects from matter fields in the low energy region, it is physically reasonable to neglect quantum effects of the gravity as the first approximation of the calculation. Nevertheless, it is of interest to take into consideration the quantum effects from the gravity. In the future, we wish to study the quantum effects from the gravitational sector in the present formalism.
Another interesting study for an application of our finding is the Higgs inflation [18] . We wish to return this problem as well in near future.
A Derivation of current for scale transformation
In Appendix A, we will present a derivation of the dilatation current (4) via the Noether theorem. It is easy to show that the Lagrangian (1) is invariant under the scale transformation (3) without surface terms. Therefore, the expression of the Noether current is of form
where φ = {g µν , Φ, Φ † }. Under the scale transformation (3) with a global parameter Ω = e Λ ≈ 1 + Λ (|Λ| ≪ 1), the current reads
so we have to calculate three objects is so complicated that we will present its derivation in detail.
First, with the definition ϕ = ξΦ † Φ, let us consider the non-minimal term
where as usual the affine connection and its contraction are defined as
L 1 includes terms with second derivative of the metric, i.e., ∂ 2 g, so we need to perform the integration by parts to transform them to terms with first derivative, i.e., ∂g. After the integration by parts, L 1 is devided in two parts, one of which contains terms proportional to ∂ϕ and the other part does terms proportional to ϕ itself
Now let us focus on the second term, which we call A, and show that A is equal to −2L 2 . 
In terms of the definition of the affine connection (121), we can prove the following relations:
Inserting Eq. (124) to Eq. (123), we reach the result that A is equal to −2L 2 :
Next, plugging this result into Eq. (122) leads to
Moreover, substituting Eq. (126) into Eq. (119), we have
Here we have defined
where K α is defined as
where at the second equality we have used Eqs. (121) and (124). With this expression (129), it is straightforward to take the variation of L K with respect to ∂ µ g ρσ whose result is given by
Thus, we have
Taking the variation of L 2 with respect to ∂ µ g ρσ is a bit tedious but straightforward since the whole calculation can be performed by using the formula 
After a straightforward calculation using Eq. (132), we have the result
where
is a D-dimensional volume form, e.g., V (4) = 2π 2 . Via the change of variables from k to t = 
where the definition of the beta function is used:
B(α, β) = 
Since Γ(z) has isolated poles at z = 0, −1, −2, · · ·, the integral (141) has isolated poles at D = 2(n − m + 2), 2(n − m + 3), · · ·. We often make use of a relation for the gamma function, which holds for positive real numbers x > 0 Γ(x + 1) = xΓ(x),
and Γ(1) = 1. In Section 5, to combine propagator denominators we utilize the Feyman parameter formula
In the case of only two denominator factors, this formula reduces to
Taking differentiation of Eq. (145) with respect to B, we can derive another formula
